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Abstract-The Laguerre difference heat equation 
where 
V.u(n, 1) =; u(n, 1). 
VJ(n)=(n + I)f(n + I)-(2n +a + I)f(n)+(n +alf(n - I). a 20, 
provides an important discrete analogue of the classical heat equation a*u/a.$ = au/at. Conditions are 
established for solutions of this equation to be represented by integral and series transforms. 
1. INTRODUCTION 
The Laguerre difference heat equation 
V,u(n, t) = $ u(n, t) (1.1) 
V&t)= (n + l)f(n + l)-(2n+a + l)f(n)+(n +a)f(n - l), a 10, (1.2) 
has been studied in [6] and provides an important discrete analogue of the classical heat 
equation 8%/8x2 = au/at. Laguerre temperatures-that is, solutions of (1.1) which belong to C” 
as functions of r-arise in various applications such as, for example, life and death 
processes[8]. It is the present goal to study Laguerre temperatures and to establish conditions 
for their representations by integral and series transforms. 
2. PRELIMINARIES 
Let L.“(X), o 10, denote the Laguerre polynomial of degree n given by Rodrigue’s formula 
L.“(x) = qir (&)‘xn+up, n = 0, l(2, . . . . 
We then have the basic orthogonality relation 
where 
and 
I 
m 
0 
L,“(xL”(x) dfW) =-j&j Sn,,, 
Further, on setting I_.‘?,(x) = 0. we have 
da(x) = xae-’ dx (2.3) 
n! 
p(n) = I-(n + a + 1)’ (2.4) 
(2.1) 
(2.2) 
v,L”a(x) = -XL,“(X). n = 0.1.2, . . . . (2.5) 
*Some of the work of the paper was done while the author was a visitor at the Institute for Advanced Study during the 
summer of 1977. 
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Let T be the set {-l,O,I,...}x{- m< t Cm} of vertical lines in the plane, and let S be a 
subset of T. A point (n. t) in S is an inner point of S if there is a neighborhood U of t such that 
{(n, I)lr E U}C S and if th e points (n - 1, f) and (n + 1, t) belong to S. A point of S which is not 
an inner point is a boundary point of S. 
A subset S of T is a domain if its vertical segments are connected open sets and if each of 
its vertical segments, except the end ones, has an inner point. S is a region if it is a domain with 
possibly some boundary points. 
Definition 2.1. The function ~(n, t) belongs to class H in a domain S of T and is called a 
Laguerre temperature there if u(n, t) E C’ as a function of t and u(n, t) satisfies (1.1) for every 
inner point of S. The function u(n, f) belongs to H in a region R if R can be enclosed in a 
domain in which u(n, t) E H. 
For a function 4 defined for n = 0, 1, . . ., let us set 
u(n, t) = e”yS(n). 
If we now regard the operator V, simply as a function of 
equation with respect o t, we note that 
n and if we differentiate the above 
: u(n, t) = V.t?$(n), 
so that erv+(n) provides a formal solution of (1.1). Let us choose, in p&cular, 
4(n) = lm L.“(x) dSl(x), n = 0, 1,. . . . 
Carrying out the calculations formally and taking note of (2.9, we have 
e”. [ La(x) da(x) = [ e’vnL.“(x) da(x) 
= 
= e-‘=Ln=(x) da(x). 
The Laplace transform on the right converges for t > - 1 and can readily be shown directly to 
belong to class H for t > - 1. It is a Laguerre temperature which plays a central role in the 
theory and is called the source or fundamental solution of (1.1). 
Definition 2.2. The source of fundamental solution of the Laguerre difference heat equation 
is the function g(n; t) given by 
W 
g(n; t) = I 
e-“l,“(x).dfi(x), I>-1, 
0 
1 t” =- 
p(n) (1 + t)n+n+T’ 
A function related to g(n; t) is its conjugate g(n*; t) defined as follows. 
Definition 2.3. For t > - 1, 
g(n*;t)= m 
I 
e-‘xLnP(- x) da(x), 
0 
(2.6) 
1 (2 + t)” 
= p(n) (1 + f)“+=+‘* (2.7) 
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In addition to g(n; t) and its conjugate, their associated functions are needed. 
Definition 2.4. The function associated with g(n ; t) is given by 
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I 
m 
g(n,m;t)= e-“L.“(x)L,“(x) da(x), t>-1, 
0 
J(n+m+a+l) t”+m 
m!n! (1+ 1) n+m+a+t Pt - n, - ( 
1 
m;-n-m-a;+. 
) 
(2.8) 
Definition 2.5. The function associated with g(n*, t) is given by 
g(n*, m; t) = CL=L.“(- x&,,‘=(x) do(x), f>-1, 
J(n+m+a+l) (2+t)“P (t + 1)2 
m!n! (1-t t) 
n+m+o+l~FI -n,-m;-n-m-a;- 
( f(f +2) > * 
(2.9) 
We note that g(n. m; 1) = g(m, a; t), g(n, 0; t) = g(n, t), and g(n*, 0; t) = g(n*, t). The associated 
functions g(k m, t), g(n*, m ; t) satisfy the following important addition formulae established in 
VI. 
and 
OD 
F -0 
g(n*, k r&N*, m; f2)pUd = gh m; f2- td. (2.11) 
A simple estimate for the associated source solution can be derived by an appeal to (2.8) and 
to the Laguerre inequality 
L o~x~slY~ +a+ 1) ed2 
n 
r(a + l)n! 
[3b], (14) p. 207. We have that 
Ig(n,m;t)J= t 
-(u+l) 
r(a + l)p(n)p(m)’ 
(2.12) 
(2.13) 
In addition, by Stirling’s formula applied to their series representations (2.8) and (2.9) we 
have the following readily established estimates for the associated source solution and its 
conjugate 
An elementary 
LEMMA 2.6 
nm+a 
g(n, m; t) - - 
t”-m 
m! (I+ f)n+m+a+lv n+a, 
(- 1)” m-n 
g(n*,m;l)-Tm”+” 
(1+:) n+m+e+, 9 m+w, 
g(n,m*;f)-ym”+m (2 + f)m-n 
(1 + t) n+m+la+, , 
m+w. 
series estimate which is ueful is the following: 
(2.14) 
(2.15) 
(2.16) 
For B a positive number and 1x1~ 1, 
F = ksxk = O(;fx’,;ji). -0 (2.17) 
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3. POISSON-LAGUERRE TRANSFORMS 
Definition 3.1. The Poisson-Laguerre transform of a function 9 defined for n = 0, 1,. . . is 
given by 
u(n, t) = 2 dn, m; W(m)p(m) (3.1) 
m=O 
whenever the series converges. 
Definition 3.2. The conjugate function u(n*, t) corresponding to a Poisson-Laguerre trans- 
form u(n, t) defined by (3.1) is given by 
u(n*, 1) = 2 g(n*, m; tM(m)p(m). 0.2) 
m=O 
In [5], it was established that a Poisson-Laguerre transform belongs to H and the following 
characterization of a Poisson-Laguerre transform of a non-negative function was proved. 
THEOREM 3.3. A necessary and sufficient condition that u(n, f) have the representation (3.1) 
with 4(m) non-negative and the series converging for n = 0, 1,. . ., 0 < t < a, is that u(n, t) be a 
non-negative Laguerre temperature there. 
An appeal to the asymptotic estimate (2.14) yields the following result. 
THEOREM 3.4. If the series 
z. gh m ; t - f)u(m, Mm 1 
converges, then so does the series 
go mn(&-$)mu(m. 0. 
(3.3) 
(3.4) 
For the conjugate Poisson-Laguerre transform, by virtue of the asymptotic estimates (2.14) 
(2.19, we have the following: 
THEOREM 3.5. If the series 
u(n, t) = 2 g(n, m; t - t’)u(m, t’)p(m) 
m-0 
converges absolutely for 0 < t’ < t < 1 + f’, then so does 
u(n*, t) = mgog(n*, m; t - t’)u(m, t’)p(m) 
4. LAGUERRE HEAT FUNCTIONS 
Basic to our present study is the Poisson-Laguerre transform of xm/m !. 
Definition 4.1. For n =O, 1,2 ,..., the Laguerre heat functions px,.(n. t) are given by 
hh t) = 2 An. m; t) 2 p(m), t>-1. 
m-0 
(3.5) 
(4.1) 
The relation of the Laguerre heat functions to Laguerre polynomials is expressed in the 
following result. 
LEMMA 4.2 
For n = 0, 1, . . ., 
px,,(n;;) = eI~l(l+f)l~ g(n; tKna(-&j > dnh [>-I. (4.2) 
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Proof. We have, for I > - I, from (3.3) and (2.8), 
Px,.A 0 = m$og(n. m ; 0 5 p(m) 
= zos p(m) [ e-“L.“(u)L,“(u) dR(u), 
or, since termwise integration is clearly valid, 
I 
m 
=x 
-olZer e-c”f’yL.u(u)u”2J~(2~(~~)) du 
0
where the sum of the series is given in [3b], (18), p. 189, and the integral in [2b], (5). p. 43. An 
appeal to (2.6) establishes the formula. 
By direct computation, we can establish the following property vital to the representation 
theory we seek to establish. 
LEMMA 4.3 
For n =0,1,2 ,..., and t > - 1, pX.Jn, t)E H. 
We introduce a complementary function helpful to our development 
Definition 4.4. The temperature transform of p&n. t) is given by 
w.,(n. t) = e-‘p,,(n. f - I) (4.3) 
forn=O,l,2 ,... andt>O. 
A fundamental relation between the functions p_Jtt. 1) and w&n. I) is their bi-ortho- 
gonality, a consequence of the orthogonality of Laguerre polynomials. 
LEMMA 4.5 
ForO<t<l, 
I 
rm 
0 
w,.,(m. t)~,.,(n, - t) dQ(x) =-&a,... (4.4) 
Further, the associated source solution g(n. m; f) is a generating function for the Ii-orthogonal 
set ~~.Afh 1). w,.,(n. t). 
LEMMA 4.6 
For s>O. r>-I. 
I 
cs 
Px.o(n. t)w,,,(m. s ) da(x) = gtn. m ; s + t). 
0 
proof. BY the definitions of ~~.~tn. 1) w,,,(n, I). we have 
D 
px.o(n t)wx.,(m. s) dCUx) 
(4.5) 
= (- lJm(!-$)m(&)‘(~)a~’ ~=e’““‘“‘s’~“)l’L”a(~)L.‘(~)la dx 
= T(m + n + a + I) (s + ,),*” 
m!n! (l+s+l) ,,.,.*,*F,(-m.-n:-m-n-~:l-,~~). 
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where the value of the integral is given in [2a], (35). p. 175. The result then follows on noting 
(2.8). 
From properties of the Laguerre polynomials, we have the following: 
LEMMA 4.7 
For n=O,l,2 ,..., 1>-I, 
; PI&. t) = - 
nt+2n+a+l 
I+t Px..(k r) + (n + a)p*..(n - 1. t’. (4.6) 
5. GENERATING FUNCTIONS 
Using Lemma 4.2 and [2b], (17), p. 189, we may establish the following generating function 
for the Laguerre heat functions p&t, t). 
THEOREM 5.1. For f > - 1, 
2 Z”Px,,h f) = 
e(z+t-tz)/(l+r-cz)x 
n=O (1 + t - tz)=+’ . 
On setting z = 1 in (5.1), we derive the following simple formula. 
Corollary 5.2. For t > - 1, 
2 pdn, t) = ex, 
n=O 
Appealing to [2b], (18). p. 189, we have a further generating formula. 
2 Px,oh 1) n e”/~“l~l~“” $ Wxz) 
n-0 I-(n :a + 1) = r(a + l)(t + I)=+’ ( 1 t+1 ’ 
(5.1) 
(5.2) 
(5.3) 
where 4(u)=2”r(a + l)u-“l,(u), L(u) being the ordinary Bessel function of imaginary 
argument of order a. 
In addition, we have the following result. 
THEOREM 5.4. For t > - 1, 
(5.4) 
where j(u) = 2”IYa + l)u-“J,(u), J=(u) being the ordinary Bessel function of order a. 
Proof. By (4. I), we have, for t > - 1, 
e-'~L,"(z)L,"(.z) do(z) 
where termwise integration is clearly justifiable, and where reference was made to (2.8) and to 
[3c), (11). p. 262. (5.4) follows by inversion of the dual Laguerre transform. 
We note that Corollary 5.2 follows on setting z = 0 in (5.4). 
The series (5.3) affords a means of deriving a rough estimate for p&t, t). 
THEOREM 5.5. For r > - 1, 
‘1p_(n, t)J 5 K,(tm + a + l)e”x+zVx”“+“. (5.5) 
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Proof. By Cauchy’s theorem applied to the power series (5.3), we have 
r((Y + l)(t + l)=+‘z”+’ 
and the result follows on noting that 9(u) < e”. 
THEOREM 5.6. For t >O, 
andfor-l<t<O, 
lPx.a(~. f1l-c 
el(4r2+lM(2r+l~*]x 
Qt + 1)” 
Proof. Applying Cauchy’s integral formula to (5.1) we have 
so that 
Now, for t >O, 
and 
I 
el(r+I-fz)/rl+r-lz)]x 
,+’ (1 + t - fz)=+‘z”+ dz 
2n ,t1212(I-c0Se)+C0S el/il+2f(l+rXl-cose)])x 
t)(l - cos e) S 1 
1 + 2t(i+ r)(l - cos e) 2 1 
so that (5.7) follows. On the other hand, for - 1 < t < 0, 
and 
2tz(i - cos e) + cos 8 I 4t2 + 1 
i + 2t(1+ t)(l - cos e) L (2t + 1)2 
so that (5.8) holds. 
For the Laguerre heat functions w,.,(n. t) we have corresponding results. 
THEOREM 5.7. For t > 0. 
2 z”w,.,(n, t) = e 
-~I(~~1’-2f~--I+I~/(~~~l-I))]+z(l-l)) 
II=0 [t(l - t)(l - t - rz)]“” . 
Corollary 5.8. For t > 0, 
z. wc.,(n, f) = 1. 
Again, it is of interest o note the independence of t of the series (5.10). 
THEOREM 5.9. For t > 0, 
so W&,(4 t) Zn e-l’“-“+x]/’ 
r(n + Q + 1) = T(a •t I)t”+’ 
q$E)). 
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(5.6) 
(5.7) 
(5.8) 
(5.9) 
(5.10) 
(5.11) 
By appealing to (5.11) we may readily derive the following rough estimate of w,.,(n. t) on 
using Cauchy’s theorem. 
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THEOREM 5.10. For t > 0 
I wx., h t )I 5 Km,,e (-=+*~x)‘T(n + a + 1). (5.12) 
Corresponding to Theorem 5.4, we also have the following generating formula. 
THEOREM 5.11~ For t > 0, 
g L"=(r)w,,(n,t)p(n)=~l[2~(",1. 
n-0 
(5.13) 
We note that Corollary 5.9 follows from (5.10) on setting z = 0. 
6. INTEGRAL TRANSFORMS 
We will be concerned with Laguerre temperatures which have integral representations of
the form 
I 
OD 
dxh’,,(n, t) Wx), 
0 
(6.1) 
with a(x) a function of certain growth. We note by (4.2) and the standard polynomial expansion 
of L.“(x), that 
I 
(D DD 
a(xM,,(~. t) dWx) = 0, t) 
0 FO _. ;: r(k .‘, + 1) (&jr [ e-x/(‘+r)u(xW+k dx. 
Hence the convergence of the integral (6.1) is determined by that of the Laplace transform 
I 
OD 
e-x/(‘+*+z(~)~m+L dx, k = 0, 1, . . ., n. 
0 
We now establish that (6.1) with u(x) of certain growth is a Laguerre temperature. 
THEOREM 6.1. Let 
I 
m 
u(n, 1) = u(x)p,,(n, t) dfi(x), n = 0, 1,2, . . ., 
0 
with u(x) = O(e t”“+O)lx), (I > - 1. Then u(n, t) E H for n = 0, 1,2,. . ., - 1 C t < u. 
Proof. Since px,.(n, t) E H for ah t > -1, u(n, t) will be a Laguerre temperature if dtieren- 
tiation under the integral sign can be justified. To this end, we must show that 
I 
m 
0 
4~) &..(n, t)dfW) 
converges uniformly for n = 0, 1,2,. . ., - 1 C t < 8. Consider 
5 c lo(x nt + :“+:” +’ Ip,h t)l+ (n + a)lpx.& - 1, t)l} dfNx) 
where (4.6) has been applied. Then, since we have, for some K, 
lu(x)l s Ke[“(‘+“)l*, 
it follows, on appealing to (5.5), that, for 0 < I 5 u, < a, n I N, 
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I 
(D 
15 A@,, N) e-((l/(1+0,)1-t1/(1+u~1)X+2~x~a d  
0 
The integral on the right converges, and hence the proof is complete. 
7. THE CLASS H' 
Those Laguerre temperatures which determine Laguerre temperatures at a later time form 
an important subclass of H described in the following. 
Definition 7.1. A function u(n, 1) E H* or has the Huygens property for t, a < t < b, 
n=O,l,... if, and only if, u(n, t) E H and 
u(n, t) = 2 g(n, ni; t- t')p(m), 
m-0 
(7.1) 
with the series converging absolutely for every t, t’, a < t’< t c b, m = - 1, 0, 1, . . . . 
We note, by (2.10), (2.6), and (2.13) that g(n; t)E H* for t >- 1. Indeed in [5], we 
established the following characterization of Poisson-Laguerre transforms. 
THEOREM 7.2. Let 
u(n, t) = $og(n, m; tMm)p(m) = 
with the series converging absolutely for 0 < t CU. Then u(n, t) is a member of H* for 
o<t<a. 
A direct result of the theorem is membership in H* of p&c, I) for 1> 0. However, the 
following stronger esult can be established irectly. 
THEOREM 7.3. For t ~-1, px.,(n,f)E H* and for t >O, w,,,(n,t)E H*. 
Proof. p&n, t) E H for t > - 1 by Lemma 4.3 and a straightforward 
establishes that for - 1~ 1’< t 
pxAn. t) = 2 g(n, m; t - t’)p,.,(n, t%(m). 
m-0 
By theorem 5.6 and the estimate (2.14), we have that 
computation 
m$o k(k m: t - f')ho(m. t')(p(n)s A(& t) & mn(fi)’ 
and the series on the right converges by Lemma 2.6. Hence px..(n, t) E H* for t > - I. The 
result for w&n, t) follows similarly after an appeal to (4.3). 
Functions of class H* have a conjugate series expansion given in the following. 
THEOREM 7.4. Let u(n, t) E H* for a < t < b. Then, for t, t’, a <t < t’< b, 
4n. f)= 2 g(n*, m; f’- t)U(m*, t’)p(m). 
m-0 
Proof. Since u(n. t) E H*. we have for all t, 1”, II < t”< t < b 
m 
u(m, 1) = F g(m. k; t’- t”)u(k, t”)p(m), =O 
and by (3.2). 
OD 
u(m*. t) = 
7 
=og(m*, k; r - t”)u(k. t”)p(k). 
(7.2) 
(7.3) 
Now consider. for CI < t < t”< b. 
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n*m; f’- t)u(m*,t’)p(m) = 2 g(n*, m; l’- Op(m) g g(m*, k; r’ - r”)u(k, t”)p(k) 
m=O =o 
for a < r”< t < t’< b where the right hand term is a result of substituting the series (7.3) for 
u(m*, r’). If the order of summation is interchangeable, we have 
$od~*, m: t’- tMm*, t')P(m)=~o u(k. r’%(k) ~og(n*, m; I'- t)g(m*, k; r’- f’)p(m) 
DD 
= 
& 
u(k, r”)g(n, k; r’ - r”)p(k) 
=O 
= u(n, r), 
where an appeal was made to (2.11), and, finally, the fact that u(n, t) E H* was used. That the 
interchange in order of summation is justifiable follows from the fact that, appealing to (2.15) 
and (2.16), we have 
J= ~o(u(k.r’)ld~)~olg(n*,m:r’-rY(Jg(m*,k;r’- t")(p(m) c 
5 ~,b(k, t"l 
F 
1 
k”k!(2 + t’ - t”)‘( 1+ t’ - f’)” ,,,_,, 
Invoking Lemma 2.6, we find that 
J=K$o!$$‘(k+a+n+l)[ l+t’-r 
k 
(2 + 1’ - r”)( 1 + t’ - r)( 1 + f’ - r’? - (t’ - t)(2 + t’ - r”) I 
- 
l+t’-t 
k”Mk* r31((l + t _ r3(2 _ r’ _ r”) 
k 
cK 
F =O 
and the series converges by Theorem 3.6. Hence the result holds. 
Corollary 7.5. Let u(n, t) E H* for a< t < b. Then, for a < r < r’ < b, 
u(n*, t) = 2 g(n, m; t'- t)u(m*, O&m). (7.4) 
m=O 
proof. Since u(n, r) E H* for a < t < b, we have, for t, t”, a < t” < t c b, by (7.1) 
so that by (3.2), 
u(4 t) = mgo g(n, m ; 1 - W(m, t’%(m), 
P 
u(n*, I) = m$og(n*, m; C - t”)u(m, t’)p(m). 
By Theorem 7.2, however, for I’, t”, a < r” < t’ < b, we have 
u(m, t) = 
& 
g(m*, k; t’- t”)u(k*, t@(k), 
==O 
which, substituted in the equation above, yields 
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uh t) = &g(n*, m; t - t”)p(m) $ g(m*k; t’- t”)u(k*, t’)p(k) 
=o 
183 
= go u(k*, t’)p(m)~og(n*, m; t - fMm*  k; f-t’%(m) 
m 
= F g(n, k; t’- t)u(k*, t’)p(k). =o
The change in order of summation is valid, and the last equation is a consequence of an appeal 
to (2.11). 
8. INTEGRAL REPRESENTATIONS 
We now establish our principal results. 
THEOREM 8.1. Let 
with 
Then 
u(n, t) = &)p,.,h t) Wx), 
a(x) = o(eu’(‘++). 
u(n, t) = 2 g(4 m; thdm)p(m), 
m=o 
with 
r= rm 
Q(m) = I a(x) 0 $ Wxh 
o<t<u, 
o<t<u, 
(8.1) 
(8.2) 
(8.3) 
(8.4) 
the series converging absolutely for 0 < t < u. 
Proof. Applying definition (4.1) to prJnr t), we have 
I 
m 
u(n, f) = &)P,& 1) dfkd 
0 
= I m 0 4x1dfNx) mgo gb, m ; t) 5 p(m) se 
= sodn,m; l)[/Om(l(x)$dn(X)]~(m) 
and the result follows on setting 
q(m)= -a(~)~~ I 0 m’dQ(x)
provided termwise integration above is valid. That this is so follows from the fact that by 
hypothesis, we have 
so that 
la(x)1 < Kel”(‘+o)lx 
I= 2 Ig(n, m; tl(p(m) b(x)1 5 da(x) 
c K mzo Ig(n, m ; t)lp(m) Jo- e-id(‘+u)lx 2 dx. 
la4 
An appeal to (2.14) yields 
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and for 0 < t < a, the series on the right converges by Lemma 2.6. 
As a consequence of Theorem 7.2 we have immediately the following result. 
Corollary 8.2. Under the hypothesis of the theorem, u(n, t) E H* for 0 C f < CT. 
A modified converse of the theorem is the following. 
THEOREM 8.3. Let 
with 
Then 
with 
dm)= o[k (yy. 
u(n, t) = d-h.&, t - 1) dQ(x), oct<a 
(8.5) 
(8.6) 
(8.7) 
(8.8) 
Proof. We have, on appealing to Lemma 4.6, 
P&, t - l)wXp(mr 1) da(x). 
But 
w&m, 1) = e-* 5 
m. 
so that the result holds on choosing at(x) as indicated in (8.8) provided termwise integration is 
valid. To that end. we note that 
b(m)l< K[& (?)“I, 
so that 
where Lemma 4.2 was used to attain the last integrand which clearly converges for 0 < t c u 
and hence the proof is complete. 
Analogous results hold for the functions w&r, t). 
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THEOREM 8.4. Let 
I 
m 
u(n. t) = b(x)wx.,(n. t) d-G), o<t<u, 
0 
with 
b(x) = o(p+o)‘y 
Then 
44 t) = 2 g(k m; t - lh(mMm), o<t<u, 
m=O 
with 
(8.9) 
(8.10) 
(8.11) 
(8.12) 
Proof. We have 
I 
OD 
u(n, t) = b(x)wx.,(n. t) d-G). octcu. 
0 
Then by the definitions of w,,,(n, t) and p_(n, t - l), it follows that 
co 
u(n, t) = I c 0 b(x) eeX 2 g(n, m; t - l)sp(m) dR(x) m=O I 
and the result follows on suitably choosing q,(m) and on justifying termwise integration as in 
the preceding result. 
In a similar way, the following modified converse of Theorem 8.3 can be established. 
THEOREM 8.5. Let 
4th t) = 2 g(n, m; t)dm)p(m), oct<a, (8.13) 
m=O 
with 
Then 
(8.14) 
I 
m 
u(n, t) = b(xb+x.,(n, t) dW). o<t<u, (8.15) 
0 
with 
b(x) = 2 p(m)$ p(m). 
m=O 
The table provides examples illustrating each of the theorems. 
(8.16) 
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